ABSTRACT This paper proposes a coupling dynamic model for multi-stage planetary gears train (PGT) based on the gearing theory and Lagrange equation, which is developed by analyzing the displacement relationships of gearing system and the influence of floating components. The time-varying mesh stiffness, bearings in housing, and the torsional support stiffness of ring gears are also considered. This model has 26 degrees-offreedom (DOF) and adopts three planar DOFs for each central component, mesh phasing relations among planetary gears, and the rotational DOF for the planets of each stage. The modified transverse-torsional model is established in the rotating Cartesian coordinates by using the lumped-parameter method; thus this model is more accurate than the purely torsional model for describing the physical dynamics. The acceleration data is tested by using the scheme of a back-to-back power circulation set-up, and the vibration properties are also studied.
INTRODUCTION
Planetary gears are widely used in many applications due to their advantages over parallel shaft arrangements such as high power density, diminished bearing loads and large reduction in a small volume [1] . Despite these distinguishing advantages, planetary gears noise and vibrations are also essential for their applications. The planetary gears (especially in multi-stage systems) usually have more undesirable dynamic behavior than simple gears because of the complex structure and severe conditions. The vibration leads to increased dynamic load that accelerates damage of gears, bearings and other hardware. Kahraman [2] used a three-dimensional lumped model to simulate the dynamic behavior of a single-stage planetary gear train. Velex [3] used a lumped modeling and a Ritz approach to examine the dynamic response induced by mesh parametric excitations. Lin and Parker [4] [5] [6] established a lumped parameter model that includes both transverse and torsional motions. The modal properties are obtained analytically, and the vibration modes are classified into rotational, translational, and planet modes. Ambarisha [7] developed a 2D finite element model from a unique finite element-contact analysis solver, which is specialized for gear dynamics, and examined the complex, nonlinear dynamic behavior of spur planetary gears. Guo [8] studied the nonlinear tooth wedging behavior and its correlation with planet bearing forces. Kim [9] proposed a time-varying dynamic model of the planetary gear, in which the pressure angles and contact ratios are varying due to the bearing deformations. Wu and Parker [10, 11] analytically investigated the vibration of planetary gears with equally and unequally spaced planets based on an elastic-discrete model, in which the ring gear was modeled as an elastic body and the remaining components were modeled as rigid bodies. The well-defined modal properties were also characterized for all possible modes. Aski [12] presented a global optimization method for planetary gear vibration reduction by means of tip relief profile modifications. However, most of these planetary gear train dynamic models are limited to single-stage planetary gear sets. With respect to planetary gears, several lumped-parameter models and deformable gear models have been developed to study the gear dynamics, which mainly address the static analysis, natural frequencies and vibration modes to estimate dynamic forces and responses.
To satisfy the requirements of large torque and compactness, the planetary reducer undertakes high power density. Compared with simple single-stage planetary gears, multi-stage planetary gears provide larger reduction ratios and more flexible configurations, and thus are being widely studied in the high speed heavy load railway transportation field. Thus, the dynamic performance of the multi-stage planetary reducer remains as one of the major concerns considering its durability and reliability. Multi-stage planetary gears may have more noise and vibrations, which affect the dynamical performance [13] . Kahraman [14] conducted an analytical study of the vibration of compound planetary gears, where a purely rotational model that does not include the gear translation is applied to a restricted class of compound planetary gears. For the compound planetary gears, recent studies focus on the natural frequencies, vibration modes, and dynamic responses, where the most of these structures are based on the Ravigneaux's planetary gear sets [15] [16] [17] [18] . Although there are many literatures on simple planetary gears, the vibration of complex multi-stage planetary gear sets has received few attentions. In general, the recent work only studied the gear train without the housing of gearbox. However, the dynamic response of the gear train is the main source to excite the gearbox housing through the bearings and planets. To the best of our knowledge, only little work has been done to characterize the dynamic response of the planetary gearbox. In particular, the lack of experimental studies, which address the complex dynamics of multi-stage planetary gears and the availability of analytical model for gear dynamics, motivated the present study. It is known that an accurate analytical model including proper coupling relations and detailed characterization of the dynamics of planetary gears is needed to estimate relative vibration and predict dynamic forces in industrial applications. Therefore, this study aims at presenting an analytical model for three-stage planetary gears coupled with the central bearings and housing, computing the natural characteristic, and suggesting an approach to lucubrate the vibration cou- pling between the gear train and the housing of the multi-stage planetary gearbox. In spite of the theoretical analysis, practical experiments are also carried out based on a multi-stage planetary gearbox to validate the efficacy of the proposed schemes.
DISPLACEMENT RELATIONSHIP OF COMPONENTS
This analysis deals with the planar vibration of single stage planetary gears. The sun, ring, carrier and N planets are treated as rigid bodies. The component bearings are modeled by linear springs. Gear mesh interactions are represented by springs acting along the line of action. There are two classical lumped-parameter models for spur planetary gears, i.e., the purely torsional model and transverse-torsional model. The purely torsional model includes N + 3 DOFs which only considers the rotational DOF of each component. In the transverse-torsional model, each component has three DOFs: two translations and one rotation.
For the multi-stage planetary gears, if the model uses three DOFs to express each component, it will be difficult to analyze the dynamic properties. At the same time, the purely torsional model cannot fit the physical behavior well since it may be too simple to investigate the coupling vibration of a multi-stage planetary gearbox. Thus, in this paper, we propose a modified transverse-torsional model for the threestage planetary gears, where the analytical model of planetary gears is shown in Fig. 1 . The model admits three planar DOFs for each central components, and the rotational DOF for the planets of each stage. The model includes the gyroscopic effects induced by the carrier rotation, where the sun and carrier translations x i , y i (i = s, c) are measured with respect to a rotating coordinates fixed to the carrier. Figure 2 shows a sun-planet-ring mesh in the fixed coordinates oij and rotating coordinates oζ η. The positions of sun and carrier can be described by the vector form as r s = x s i + y s j and r c = x c i + y c j. By using the coordinate revolution transformation, the accelerations of the central components are given by 
Clearances nonlinearity is negligible.
It is convenient to develop the multi-body dynamic model by using the energy methods. The kinetic energy term for each component in the drivetrain system is given by
where the superscripts I, II and III denote Stage 1, Stage 2, Stage 3 in the three-stage gears system. The potential energy of the gear system is contributed to the elastic deformation of flexible components including the gear mesh and ring gear support stiffness. For the gear mesh stiffness and the coupled stiffness between the adjacent two ring gears, the respective potential energy is given by each term on the right hand side of the following equation:
For a three-stage PGT (number of planets: 3, 4, 4), by considering the tangential support stiffness of ring gears and the bearings stiffness in housing, the Lagrange function is given as
We also have the Lagrange equation d dt
where L = T − U (T is the kinetic energy, U is the potential energy);
. . , N) are the generalized coordinates;q j are the generalized velocities; Q j are the non-conservative forces (including the damping forces and external forces). Substituting Eq. (1) into Eq. (2) gives the following system motion equations:
where I i for i = s, p, c (s, p and c represent the sun, planet and carrier) are the moments of inertia; r i are the base circle radii of the gears or radius of the carrier; m p is the mass of a planet; u j for j = s, c, 1, . . . , N (N indicates the number of planets) are the rotational deflections of bodies along the lines of action; x k , y k (k = s, c) are the sun and carrier translations; k sn , k rn are the nth sun-planet and ring-planet mesh stiffness; k s , k c are the bearing stiffness of the sun and carrier; k r is the support stiffness of the ring gear; δ sn , δ rn are the nth sun-planet and ring-planet relative displacement; ψ n is the nth planet phase angle. The parameter relationship can be confirmed by using the rotating Cartesian coordinates, and the relational expressions are given as δ sn = (x c − x s ) sin ψ sn + (y s − y c ) cos ψ sn + u s − u c cos α s + u n + e sn (t) δ rn = x c sin ψ rn − y c cos ψ rn + u r − u c cos α r − u n + e rn (t) where e sn (t), e rn (t) are the nth sun-planet and ring-planet transmission error. The differential equations of motion (3) can be rewritten in a matrix form as
where M, C and K(t) are the positive definite mass matrix, damping matrix and stiffness matrix, respectively. q, e(t) and F are the generalized coordinate vector, transmission error vector and system load vector. The Rayleigh damping model used here assumes that the damping is proportional to the mass and stiffness.
TIME-VARYING STIFFNESS ANALYSIS
Mesh phase between the planets is determined by considering the planet position angles and the numbers of teeth for the sun and ring. For a fixed ring gear, planet 1 completes Z r tooth meshes in one complete revolution of the carrier that brings planet 1 back to its initial location. Consequently, Fig. 1 shows that, when the carrier rotates an angle ψ, planet 1 is moved to the initial position of planet 2, and ψZ r /2π tooth meshes are completed in this process. The planet mesh phase relationship is expressed as γ sn = ±ψ n Z s /2π γ rn = ±ψ n Z r /2π (5) where γ sn is the mesh phasing between the first and nth sun-planet meshes (γ s1 = 0); γ rn denotes the mesh phasing between the first and nth ring-planet meshes (γ r1 = 0). Z s , Z r are the numbers of teeth on the sun and ring gears, respectively. ψ n is the circumferential angles of the nth planets, which is measured by referencing to planet 1 (ψ 1 = 0) along the positive counter-clockwise rotation. The sign of γ sn , γ rn depends on the direction of carrier rotation (the upper sign "+" is used for the counter-clockwise rotation, and the lower sign "-" is used for the clockwise rotation). For continuous gear rotation, all gears meshing are periodic at the same mesh frequency ω m in a singlestage planetary gear. The mesh frequency for system with fixed ring is given as ω m = ω s Z s Z r /(Z s + Z r ) = ω c Z r (6) where ω s , ω c are the rotation frequency of the sun and carrier, respectively. For spur gears, the timevarying mesh stiffness is commonly approximated by a rectangular wave with a mesh period T m = 2π/ω m . However, according to the characteristics of the time-varying mesh stiffness and the previous studies on the FE methods, a trapezoidal wave is more accurate to denote the time-varying mesh stiffness. If the planet tooth number is even, the mesh phasing for the sun-planet and ring-planet are consistent. On the other hand, there is a half mesh period for the mesh phase difference between the internal and external gearings when the planet tooth number is odd. The time-varying mesh stiffness for each planet is expressed as
where γ sr is the phase difference between the sun-planet and ring-planet meshes for a given planet and it is the same for each planet; γ sr = 0 when the planet tooth number is even, and γ sr = 0.5 when the planet tooth number is odd. When there are P n tooth pairs in the contact for a gears mesh, the total mesh stiffness is k n = p n p=1 k p , where k p are the mesh stiffness of tooth pair p. For the planetary gears, the mesh stiffness of the sun-planet and ring-planet are calculated by means of the FE static analysis, and their time-varying characteristics are shown in Fig. 4 .
For mesh stiffness variation of sun-planet in Fig. 4(a) , the first tooth pair engages from 0 (pitch point) to 0.68 in a mesh period, and the stiffness slightly decreases during the recess. The second tooth pair engages from 0.18 to 1, and the stiffness slightly increases during the approach. These two pairs of teeth share the load from 0.18 to 0.68, which are known as double-tooth contact, where the load gradually switches from the first pair to the second pair. Note that the first pair is also in contact from -0.82 to 0 in a previous mesh cycle (not shown in Fig. 4) , which is similar to the second pair contact from 0.18 to 1. The mesh stiffness variations of the sun-planet and ring-planet are similar; on the contrary, the contact ratios are different, ε s = 1.5, ε r = 1.63.
NATURAL FREQUENCIES AND VIBRATION MODES
To determine the natural frequencies and vibration modes, a time-invariant system is considered. All mesh stiffness are considered to be constant and equal to their average stiffness over one mesh cycle. All the damping are neglected, and here the ring gears are considered as rigid bodies. The eigenvalue problem for the linear time-invariant case using the average mesh stiffness is given by
where K 0 is the mean stiffness matrix, ω i are the natural frequencies, and ϕ i are the associated vibration shape vector. The parameters of the three-stage PGT are listed in Table 1 . By solving the free vibration eigenvalue problem, the natural frequencies are computed (as shown in Table 2 ), and the associated mode shapes can also be obtained. Table 2 . Natural frequencies of gear train (f /Hz). Vibration modes Natural frequencies Rigid-body mode f 1 = 0 Planet mode
For three-stage planetary gears with fixed rings, all modes can be classified into one of the three categories: (a) a rigid-body mode; (b) three group of planet modes (degenerate modes) with multiplicity N − 1 (N indicates the number of planets); (c) over all modes.
Rigid-body mode: Since the input and output members are not constrained, the stiffness matrix is semidefinite, which results in a "rigid body" mode at zero frequency. At this mode, all gears and carriers rotate as rigid bodies without any deflection according to the transmission ratio.
Planet modes: At these modes, only the planets of one stage rotate with respect to each other, and the vector sum of the deflections of planets is zero. For the planet mode at 4526 Hz, the vibration only exists in the first-stage. Similarly, the vibration only exists in the second-stage at 3653 Hz and the third-stage at 2289 Hz.
Over all modes: The planets of each stage PGT move exactly the same way forming an axi-symmetric mode shape to generate the non-zero displacements of the input and output members. At these modes, it is characterized by the existence of vibrations of all PGT members in contribution to the overall motion.
DYNAMIC RESPONSES
According to the external excitation from a statistical load, the average load of the planetary gearbox is 72 kNm, and the input speed is 565 rpm. For the 3-stage planetary gears of main reducer, by considering the internal excitation, the dynamic responses are simulated under this operating condition by the variable step Runge-Kutta method. Figure 5 shows the vibration displacements of each ring gear, the amplitude of which are 34 µ (stage 1); 25 µm (stage 2); 18 µm (stage 3), and the corresponding peak-to-peak values are 65.6 µm (stage 1); 51.8 µm (stage 2) and 39.2 µm (stage 3), respectively. The spectrum properties of ring gears vibration are also analyzed. The frequency spectrum of vibration displacements are shown in Fig. 6 . We can find that the main peak frequencies of each stage ring gear are 50 Hz (the mesh frequency of stage 2), 150 Hz (the 3 times of mesh frequency of stage 2) and 170 Hz (the mesh frequency of stage 1).
EXPERIMENTAL STUDY OF MULTI-STAGE PLANETARY GEARS

Testing Scheme
The load motor cannot control and adjust the torque and speed effectively due to the lower output speed and large torque that are resulted from the large transmission ratio. Therefore, the measure solution for the three-stage planetary gearbox is to use the "back-to-back" power circulation type arrangement. The "back- to-back" test fixtures of the planetary gearbox are composed of a driving motor, a torque-speed sensor, a test gearbox, a slave gearbox, and a DC generator.
The accelerometers configurations are shown in Fig. 7 . The measuring points 1-6 are the preeminent vibration positions, including the input bearing, ring gear of stage 1, ring gear of stage 2, ring gear of stage 3, output bearing, and the support in turn.
Experimental Results
The vibration accelerations of each measuring points are obtained through the accelerometers, and the vibration displacements and velocities can be calculated by numerical integral operations. Figure 8 shows the ring gears' vibration displacements, and the frequencies spectrum of vibration displacements are given in Fig. 9 . Table 3 provides the statistical and analytical results about the measured data. Theoretical analysis and experimental tests show that the ring gears vibration displacement and velocity are similar, and the main frequencies of theoretical value coincides with the test data well.
CONCLUSIONS
Trapezoid waves are used to express the time-varying mesh stiffness, and the supported stiffness is obtained by the FE method. The mesh phasing relations among planetary gears are analyzed, and then the inner excitations and dynamic parameters of multi-stage planetary gears are analyzed and calculated systematically. Based on the gearing theory and Lagrange equation, we considered the bearings in housing and the torsional support stiffness of ring gears, and then established a modified transverse-torsional model of multi-stage planetary gears train by using the lumped-parameter method.
The modal properties are obtained analytically, and the vibration modes are classified into rigid-body mode, overall modes and planet modes. According to the internal excitation and the external load from a statistical operating condition, the dynamic responses are simulated by numerical methods. Compared with the experimental data and the results from purely torsional model, this dynamic model with 26 DOFs is more accurate and can match the physical behavior better than the purely torsional model.
For a three-stage planetary gearbox with the large speed ratio, the experiment based on a back-to-back power circulation set-up is studied. The ring gear responses from the theoretical and experimental method are compared. The experimental results fit well the theoretical analysis, which validate the reliability and validity of the modified transverse-torsional model for multi-stage PGT-housing. This work suggests a feasible method for lucubrating the vibration transfer and acoustic coupling of the planetary gearbox, and advances the understanding of multi-stage planetary gears dynamics.
